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Context and motivation

Many-query contexts: real-time simulation, digital twins, optimization, uncertainty quantification

= Goal: solve a parametric PDE accurately and quickly, for many parameters
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Context and motivation

Many-query contexts: real-time simulation, digital twins, optimization, uncertainty quantification

= Goal: solve a parametric PDE accurately and quickly, for many parameters p

Classical methods (FEM, Fv, FD, spectral) Neural networks (PINN, neural operator)

+ error analysis —none
+ efficient — costly training
— mesh generation + mesh-free
— one solve per i + parametric
— fixed spaces + flexible
N J J

’ Our focus: the expressivity of the approximation spaces ‘
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How does the neural network enter the approximation space of a classical method?
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How does the neural network enter the approximation space of a classical method?

1st hybridization

Enriched FEM using PINNs

neural
prior

enriched
space

Galerkin
solver

offline

PINN loss

Network: pretrained, frozen

Guarantees: a priori error estimates

Results: 1D, 2D, 3D, parametric
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How does the neural network enter the approximation space of a classical method?

1st hybridization 2nd hybridization

Enriched FEM using PINNs

neural enriched i
: Galerkin
prior space solver
offline

PINN loss

Network: pretrained, frozen
Guarantees: a priori error estimates

Results: 1D, 2D, 3D, parametric

Learnable Galerkin methods

neural enriched Galerkin
network Space solver
A ¥

1 gradient
L EET

Network: learned through the solver
Guarantees: none (experimental)

Results: 1D, 3D, parametric
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Parametric elliptic PDEs

Let  C R be the spatial domain (d = 1,2, 3)and M C RP the parameter space.
For one or several pp € M, find u( -; ) : 2 — R such that

L(usx, 1) = f(z,p), (z,p) € A x M,
Dirichlet, Neumann or Robin BC, (x, ) € I’ x M,

with T := 0f) the boundary of €2, f the source term and L the linear differential operator defined by

Lz, p):ur Rz, p)u+ C(x, 1) - Vu — Piev - (D(z, p)Vu).

where R is the reaction, C' the convection, D the (symmetric positive definite) diffusion matrix and Pe the
Péclet number.
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Numerical methods

Numerical methods for parametric PDEs’

*presented with homogeneous Dirichlet boundary conditions

Hybrid FE and NN methods for parametric PDEs
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Continuous Galerkin (CG) method'

For a fixed pt € M, let T, be a mesh of Q.

Neetis = 3, Naots = 4 (k = 1)
?1 P2 P3 ¢4
Let V}, be a continuous space of piecewise polynomials of degree up,
k on Ty,. lts basis functions (¢;);, with ¢; supported on the cells

sharing the dof ¢, decompose the discrete solution:
Ndofs

uh<m,u>=2m(u)¢i(m). YN

4/37 "[Ern and Guermond, 2004]
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Continuous Galerkin (CG) method'

For a fixed pt € M, let Ty, be a mesh of Q.

Neetis = 3, Naots = 4 (k = 1)
¢1 b2 @3 P4
Let V}, be a continuous space of piecewise polynomials of degree up,
k on Ty,. lts basis functions (¢;);, with ¢; supported on the cells
sharing the dof ¢, decompose the discrete solution:
Ndofs

):Zﬂi(ﬂ»)d)i(w)- ' - - -

Variational problem:  Find uy, € V! such that, Vv, € V)0, a(un, vp; ) = (vp; p) = [ fon,

1
a(up, vp; ) = / (Ruhvh + C -Vuy v, + P—DVuh . Vvh>
Q e

with Vf? C V4, vanishing on I' (homogeneous Dirichlet condition).
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Continuous Galerkin (CG) method'

For a fixed pt € M, let Ty, be a mesh of Q.

Neells = 3, Ndots = 4 (k = 1)

1 (oD} 03 @4

Let V}, be a continuous space of piecewise polynomials of degree
k on Ty,. lts basis functions (¢;);, with ¢; supported on the cells
sharing the dof ¢, decompose the discrete solution:

Ndofs

):Zﬂi(ﬂ»)d)i(w)- ' - - -

Variational problem:  Find uy, € V! such that, Vv, € V)0, a(un, vp; ) = (vp; p) = [ fon,

Uh

1
a(up, vp; ) = / (Ruhvh + C -Vuy v, + P—DVuh . Vvh>
Q e

with V,? C V4, vanishing on I' (homogeneous Dirichlet condition).

Linear system:

Ap(p) Br(p) = bup(p) Ay =aldj, dip), by =1(dip)

matrix ~ dofs right-hand side
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Physics-informed neural networks (PINNSs)'

Let ug(x, ) be a neural network with weights 6 and inputs (x, i) € Q x M, approximating the solution w.

Training:  Find the weights 6* such that

¢* = argmin (w, J,.(0) + wp Ju(0)), (Pp)
0

with w, and wy the weights of the two loss terms, and

residual loss | J;.(0) = /MA ’,C(UQ(:B,[L); :B,p,) — f(=x, /J')|2 dxdpy,

@ o O
Jb(e):/M/IUQ(:E,u)Fdwdu. ® {@ ARG
) 00 M

6 9 ©

o O

Monte-Carlo method: ©
Discretize the cost functions by random process.

5/37 "[Raissi, Perdikaris, and Karniadakis, 2019]
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Link between Galerkin and PINNs

Learning-based approaches Common framework >

Numerical method (three steps):

Encoding

=1

PDE
(unknown: function)

discrete problem
(unknown: vector)

isthybridization »  2nd hybridization ~ »  Conclusion  »  References

PINN

Galerkin (CG)
Space vector space V},
() Unknowns dofs Br ()
Integrals quadrature on cells

6/37

manifold of the ug
weights 6
Monte Carlo on collocation points
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Link between Galerkin and PINNs

Numerical method (three steps):

Encoding Approximation
PDE discrete problem discrete solution
(unknown: function) @ (unknown: vector) @ (solve)
Galerkin (CG) PINN
Space vector space V}, manifold of the ug
() Unknowns dofs B, (i) weights 6

Integrals quadrature on cells Monte Carlo on collocation points
Parameters fixed p, one solve per p 1 € M as input, one training
Resolution linear system Ap, (1) Br () = bp () optimization on 6
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Link between Galerkin and PINNs

Numerical method (three steps):

Encoding Approximation Decoding
PDE discrete problem discrete solution approx. solution
(unknown: function) @ (unknown: vector) @ (solve) @ (function)
Galerkin (CG) PINN
Space vector space V}, manifold of the ug
() Unknowns dofs Br () weights 6
Integrals quadrature on cells Monte Carlo on collocation points
© Parameters fixed p, one solve per p p € M as input, one training
Resolution linear system Ap, (1) Br () = bp () optimization on 6
(3 Solution up(x, ), linearin By, ug(x, p), non-linear in 6
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Link between Galerkin and PINNs

Numerical method (three steps): Same philosophy, different approximation space
Encoding Approximation Decoding
PDE discrete problem discrete solution approx. solution
(unknown: function) @ (unknown: vector) @ (solve) @ (function)
Galerkin (CG) PINN
Space vector space V}, manifold of the ug
() Unknowns dofs Br () weights 6
Integrals quadrature on cells Monte Carlo on collocation points
© Parameters fixed p, one solve per p p € M as input, one training
Resolution linear system Ap, (1) Br () = bp () optimization on 6
(3 Solution up(x, ), linearin By, ug(x, p), non-linear in 6
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Pipeline of the hybrid method'

OFFLINE (once, all )

train neural prior
PINN loss ===
Ug ~ U

,________-

Offline: train a parametric PINN ug(a, ) once, for all u € M.

7/37 [Lecourtier et al., 2026] Hybrid FE and NN methods for parametric PDEs
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Pipeline of the hybrid method'

OFFLINE (once, all )

v !
11
11
train neural prior ! : . ‘
PINN loss === enriched space == Galerkin solver == Uh,0

Ug XU ! :
1
11
11

frozen

,________-

Offline: train a parametric PINN ug(, ) once, for all u € M.

Online (u fixed): evaluate the prior and its derivatives, solve the enriched FE problem.
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Pipeline of the hybrid method'

OFFLINE (once, all )

v !
11
11
train neural prior ! : . ‘
PINN loss === enriched space == Galerkin solver == Uh,0

Ug XU ! :
1
11
11

,________-

Offline: train a parametric PINN ug(, ) once, for all u € M.
Online (u fixed): evaluate the prior and its derivatives, solve the enriched FE problem.

Goal: reach the accuracy of a fine mesh with a coarser mesh.
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Pipeline of the hybrid method'

OFFLINE (once, all )

’

frozen

1

1

1

1

1

! )

1 train neural prior
1 PINN loss =]

1 Ug ~ U
1

1

1

1

1

1

’

ONLINE (1t fixed)

» 2nd hybridization ~ »  Conclusion »  References

enriched space

additive ) +
. = Galerkin solver —> Uy o
enriched space 2
multiplicative
>

" X
Galerkin solver == u; ,

Offline: train a parametric PINN ug(, ) once, for all u € M.

Online (u fixed): evaluate the prior and its derivatives, solve the enriched FE problem.

Goal: reach the accuracy of a fine mesh with a coarser mesh.

Two versions of uj, g: additive u) , and multiplicative u; ,.

7/37 "[Lecourtier et al., 2026]
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Prior: Letuy € H**1(Q) be the PINN prediction (u fixed).
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Additive approach’

Prior: Letuy € H*T1(Q) be the PINN prediction (g fixed).
Enriched trial space:

Vit ={ufg=uo+pf, pf eV}

8/37 "[Lecourtier et al., 2026] Hybrid FE and NN methods for parametric PDEs



Introduction  »  Numerical methods ~ »  1st hybridization e  presentation Numerical results

Additive approach’

Prior: Letuy € H*T1(Q) be the PINN prediction (g fixed).

Enriched trial space:

Vb ={ufg=uo+pf, pf eV}

Variational problem: Find pt € V,? such that, Vuy, € Vho,
alpy,vn) = U(vn) — alug, vy)

with modified Dirichlet BC.

8/37 "[Lecourtier et al., 2026]
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Additive approach’

Prior: Letuy € H*T1(Q) be the PINN prediction (g fixed).

Enriched trial space:

Vb ={ufg=uo+pf, pf eV}

Variational problem: Find pfb' € V2 such that, Yoy, € V2,
a(py;,vn) = l(vn) — alug, vp)

with modified Dirichlet BC.
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Multiplicative approach'’

Lifted problem: uy; = u+ M > 0, with M € R, a constant, solves

Llupy)=f inQ,

sothatu = up; — M.
upy =M onT,

9/37 "[Lecourtier et al., 2026] Hybrid FE and NN methods for parametric PDEs
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Lifted problem: uy; = u+ M > 0, with M € R, a constant, solves

L(up)=f inQ,
upy =M onT,

sothatu = up; — M.

Lifted prior:  up pr = ug + M never vanishes.

9/37 "[Lecourtier et al., 2026]

>

2nd hybridization

>

Conclusion

>

References




Introduction  »  Numerical methods ~ »  1st hybridization s  presentation - Numerical results » 2ndhybridization  »  Conclusion »  References

Multiplicative approach'’

Lifted problem: uy; = u+ M > 0, with M € R, a constant, solves

L(up)=f inQ,

sothatu = up; — M.
upy =M onT,

Lifted prior:  up s = ug + M never vanishes.

Enriched trial space:
th = {11,;;70 = Ug,Mm p; — ]\/f, p;; c1l 4+ V}?}
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Multiplicative approach'’

Lifted problem: wuy; = u+ M > 0, with M € R a constant, solves
E(uM) = f in Q,

Upnr = M on F,

Lifted prior:  up s = ug + M never vanishes.

Enriched trial space:
V= {u,fﬁ =upmp, —M, p;el +V}?}

Variational problem: Findp; € 1+ VY such that, Yoy, € V2,
a(uo,n Py uwonr o) = L(uo,nr vp)

with modified Dirichlet BC.
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Letup € V,? be the solution of the standard FEM. Then,
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Convergence analysis'

Theorem 1: Standard FEM [Ern and Guermond, 2004]

Letup € V}? be the solution of the standard FEM. Then,

[ — un |2 < Cp2 B*Fu| s

Theorem 2: Additive approach [Lecourtier et al., 2026]

Let “;;,a € V,t be the solution of (P;") with VT the enriched trial space. Then,

||u — UZ,OHL? < Cg-:in (CLz hk+1|’u|Hk+1) .
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Convergence analysis'

Theorem 1: Standard FEM [Ern and Guermond, 2004]

Letup € V}? be the solution of the standard FEM. Then,

[ — un |2 < Cp2 B*Fu| s

Theorem 2: Additive approach [Lecourtier et al., 2026]

Let “;;,9 € V,t be the solution of (P;") with VT the enriched trial space. Then,

||u — UZ,OHL? < Cg-:in (CLz hk+1|’u|Hk+1) .

e
&

]u — U9|Hk+1
Caan = 17— —

< 1 = gain over the standard FEM
]u|Hk+1
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Letup € V}? be the solution of the standard FEM. Then,
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Theorem 3: Multiplicative approach [Lecourtier et al., 2026]
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Theorem 1: Standard FEM [Ern and Guermond, 2004]

Letup € V}? be the solution of the standard FEM. Then,

[ — un |2 < Cp2 B*Fu| s
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Theorem 3: Multiplicative approach [Lecourtier et al., 2026]

Let u, 4 € V" be the solution of (P;) with V,* the enriched trial space. Then,

.

10/37

M
”U’ - ’U’;L(,(?”LQ < Cgfai’n (CL2 hk+1|u|H’9+1) .
2
U
Cg;’rf” =Cy,m o ‘ o, iy = <1 = gain over the standard FEM
o, grss |ulpre

with Co,nr = [lug prllLoe + 2|ug aylwrice + g hylwzoe

Tstated in L2 norm; similar resultin H! semi-norm.
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Multiplicative versus additive'

Theorem 4: Comparison of the gains [Lecourtier et al., 2026]

The multiplicative gain converges to the additive gain when M — oo:

X, M
C’gain

—

C+

gain

» 2nd hybridization ~ »  Conclusion »  References
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Multiplicative versus additive'

Theorem 4: Comparison of the gains [Lecourtier et al., 2026]

The multiplicative gain converges to the additive gain when M — oo:

cxMl 5 ok

gain gain

M — oo: multiplicative approach — additive approach

11/37 Tstated in L2 norm; similar resultin H! semi-norm. Hybrid FE and NN methods for parametric PDEs
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Problem considered

Problem statement: Consider the Poisson problem in 1D with Dirichlet BC:

—Ogpu = f, in Qx M,
u=0, on 90 x M,

with Q@ = (0,1) and M = [0, 1] (p = 3 parameters).
Analytical solution: gt = (pu1, p2, u3) € M

u(z, ) = p1sin(2mx) + po sin(4nzx) + pg sin(6mz).
Parametric PINN training:

MLP 6 layers (sine - 20, 80, 80, 80, 20, 10); Adam optimizer (10000 epochs - 5000 col. pts).
Imposing the Dirichlet BC exactly in the PINN with the levelset ¢ defined by

p(z) =z(z—1).
Enriched FEM: [P, additive and multiplicative (M = 3 and M = 100).

12/37
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Online phase - 1 parameters instance

p=(0.8,0.5,0.8)
Error estimateg in L2 norm:
L
Add IP;: order 2, as FEM Py

10-2 1 error <160 vs. FEM [P

10~4+

10— 6+ h
L0197 1 g1eD e e e

—= FEMP, —o— FEMP, - m- Add ‘

13/37 Hybrid FE and NN methods for parametric PDEs
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Online phase - 1 parameters instance

p = (0.8,0.5,0.8)

Error estimates in L2 norm:

L Add IP;: order 2, as FEM Py
10-2 1 error <160 vs. FEM [P
10-41 Mult P;: order 2 too
M = 3: worse than Add
1070 ¥ ‘ ‘ ‘ o M =100 =~ Add
N 91e_3‘ . _sg,ﬂe‘?“ \ 596,1‘ ) 236.1‘ 6-61?'1
- FEMP —o— FEM Py - |- Add

W Mult M = 3 - Mult M = 100

13/37 Hybrid FE and NN methods for parametric PDEs
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Multiplicative versus additive

pw=(0.3,02,01), P

Gain constants 1/Cgain as a function of M :

30 +

10 +

L? norm
-------------‘T.-'lﬂ
S +
’a 1/Cgain
S ] e / X, M
..'. gain, L2
7 M

14/37
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Multiplicative versus additive

pn=(03,0.2,0.1), Py
Gain constants 1/Cgain as a function of M :

L? norm
---------------- St

30 | .‘."“

S +
20 1 .: 1/Cgain

L - / X, M
..'. gain, L2
10 +
0 . A g I I | M

M — oo: multiplicative — additive

14/37 Hybrid FE and NN methods for parametric PDEs
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Problem considered

Problem statement: Consider the Poisson problem in 2D with Dirichlet BC:

—Au=f, in Qx M,
u=0, on I x M,

with Q = (—0.57,0.5m)% and M = [—0.5,0.5]% (p = 2 parameters).

Analytical solution: pt = (1, ps) € M

(z—p1)* + (y — p2)?
2

u(x, p) = exp (— ) sin(2x) sin(2y).

Parametric PINN training:
MLP 5 layers (sine - 40, 60, 60, 60, 40); Adam then LBFGS optimizer (5000 epochs - 6000 col. pts).
Imposing the Dirichlet BC exactly in the PINN with the levelset ¢ defined by

o(x) = (x + 0.57)(z — 0.57)(y + 0.57)(y — 0.57).
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Online phase - 1 parameters instance

p = (0.05,0.22)

Error estimatgs in L2 norm:
L

10-12 i

I i S h
aaseys0eggoe paet ) geet

—=— FEM Py —e— FEM Py —— FEM P35
-m- AddP; -e- AddPP; -4- AddPj
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Online phase - 1 parameters instance

p = (0.05,0.22)

Error estimate2$ in L2 norm:
L

16/37

1072 : : : 5 h
e 0o me e gee
ATEE TR0 T 09T A ATy

—=— FEM Py —e— FEM Py —— FEM P35
-m- AddP; -e- AddP; -4- AddP;

> 2ndhybridization »  Conclusion »  References

Nuyots required to reach the same error e:

N, dofs

e FEM Add

21073 14161 64
.107% 143641 576

-107% 6889 225
-107° 31329 1089

e

.107% 6724 784
21075 20164 2704

ha N2

dofs



Numerical results

1D Poisson
2D Poisson
3D Poisson

Hybrid FE and NN methods for parametric PDEs



Introduction ~ »  Numerical methods  »  1st idizatis . i . ical results »  2nd hybridization ~ »  Conclusion »  References

Problem considered

Problem statement: Consider the Poisson problem in 3D with Dirichlet BC:
—Au=f, in Qx M,
{ u=0, on I x M,
with Q = (—0.57,0.57)3 and M = [—0.5,0.5]3 (p = 3 parameters).
Analytical solution: p = (pu1, p12, 13) € M

u(z, p) = exp (— (@ —m)+(y _QW)Q +z- M3)2> sin(2z) sin(2y) sin(2z).

Parametric PINN training:
MLP 5 layers (tanh - 40, 60, 60, 60, 40); Adam then LBFGS optimizer (5000 epochs - 40000 col. pts).
Imposing the Dirichlet BC exactly in the PINN with the levelset ¢ defined by

o(x) = (z+0.57)(x — 0.57)(y + 0.57)(y — 0.57) (2 + 0.57)(z — 0.57).
Training time: 12 minutes on NVIDIA RTX 2000 (8GB VRAM).
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Online phase - 1 parameters instance I

p® =(0.05,0.22,0.1)

Error estimate25 in L2 norm:
L

10-1

103

10-5

\

P o
._,.’I— AZ

csogdoednet, oot qee

’+ FEMP, - m- Add P, ‘
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Online phase - 1 parameters instance I

p® =(0.05,0.22,0.1)

Error estimate25 in L2 norm: L2 error w.r.t. online time*:
L 12
10~
10~
1073+
.- ! | 1073 +
I 2o =
i - 4’2 TE .
10~5¢ ! -_ g
S — } L h 10-5 | |
T L
101 10° 10t Time(s)

+ prior derivatives evaluation

‘ * mesh + assembly + solve

’+ FEMP, - m- AddP;
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o results

Introduction ~ »  Numerical methods ~ »  1st.

Online phase - 1 parameters instance I

p® =(0.05,0.22,0.1)
L? error w.r.t. online time*:

Error estimates in L2 norm:

L2
L2
1071}
1071+
1073 ¢
_.-n 1073 +
Y A =
n-¥ 4’2 TE
10,5 | 1 -
Bl |
— - N N 10-5 +
BT e ae —
10-1 100 10! Time (s)

* mesh + assembly + solve
+ prior derivatives evaluation

’+ FEMP, - m- Add P, ‘

Hybrid FE and NN methods for parametric PDEs
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Online phase - 1 parameters instance I1I
p® =(0.05,0.22,0.1)

Nyots and online time required to reach the same error e:

N Nyoss Online time*

e FEM  Add FEM

Add FEM Add

1-1072% 152 12 3.51-10
1-107% 484 39  1.13-108
1-1075 1539 122 3.65-10°

1.73-10% (7.65-10Y) 521072
593-10* (2.8-10%) 9.26-10°!
1.82-10% (1.02-10% (5.26 - 10%)

Cartesian mesh: Nyors = IV nodes (P; elements).

* The results in brackets are extrapolations.

19/37
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Online phase - 1 parameters instance I1I
p® =(0.05,0.22,0.1)

Nyots and online time required to reach the same error e:

N Nyoss Online time*

e FEM  Add FEM

Add FEM Add

1-1072% 152 12 3.51-10
1-107% 484 39  1.13-108
1-1075 1539 122 3.65-10°

1.73-10% (7.65-10Y) 521072
593-10* (2.8-10%) 9.26-10°!
1.82-10% (1.02-10% (5.26 - 10%)

Cartesian mesh: Nyors = IV nodes (P; elements).

* The results in brackets are extrapolations.

19/37
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Parametric framework

How many parameters instance 1, are needed to balance training?

Time (s)
2000

1500
1000

708 500

a0 0+

0 1920
To achieve e = 1073

Online: assembly + solve + prior derivatives evaluation

Offline: mesh + training time

20/37

p
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— FEM Py
=== AddP;
[ offline cost
Time (s)
6000
4000
708
0% U I I np

05 20 40
To achievee = 5-10~%
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2nd hybridization

Learnable Galerkin methods

Hybrid FE and NN methods for parametric PDEs
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From frozen prior to learned basis

1st hybridization: neural prior trained offline, then frozen: a priori error estimates.
Limit: the gain is bounded by the quality of the prior, trained apart from the scheme.

e fixed

neural prior ) X
enriched space Galerkin solver — u;r{g
,

Uug ~ U

train

PINN loss

21/37 Hybrid FE and NN methods for parametric PDEs
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L L
From frozen prior to learned basis
1st hybridization: neural prior trained offline, then frozen: a priori error estimates.
Limit: the gain is bounded by the quality of the prior, trained apart from the scheme.
e fixed
-
nedrer riot enriched space Galerkin solver s /%
Ug = U >
f train

PINN loss

2nd hybridization: learn the basis through the solver, adapted to the solution of the scheme.
Advantage: basis adapted to the scheme, not bounded by a frozen prior.
Limit: no a priori guarantees, training cost.

neural network

o enriched space
multiplier mg

Galerkin solver

gradient
21/37
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Automatic differentiation and ScimBa

Need: gradient of the solver w.r.t. the Ny weights, without deriving it by hand.

22/37 Hybrid FE and NN methods for parametric PDEs
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Automatic differentiation and ScimBa

Need: gradient of the solver w.r.t. the Ny weights, without deriving it by hand.

Three ways to compute the gradient:

exact use cost per gradient
symbolic v closed form only huge expressions
finite differences X any program Ny solves
automatic diff.’ v any program a few solves

22/37 '[Baydin et al., 2018]



Introduction ~ »  Numerical methods ~ »  1sthybridization ~»  2nd hybridization e Introduction - PINN - Parametric case > Conclusion » References

Automatic differentiation and ScimBa

Need: gradient of the solver w.r.t. the Ny weights, without deriving it by hand.

Three ways to compute the gradient:

exact use cost per gradient
symbolic v closed form only huge expressions
finite differences X any program Ny solves
automatic diff.’ v any program a few solves
ScimBa: the whole pipeline is a JAX programz:
network — basis — assembly — solve — loss J E n l E
One backward pass gives 9.7 /06 through all the steps. :'
k.
[=]¥
'[Baydin et al., 2018] See ScimBa

22/37 2[Bradbury et al., 2018]
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Non-parametric enrichment (PINN loss)”

* pis fixed and omitted from the notation: basis, dofs and solution are valid for this p only

Hybrid FE and NN methods for parametric PDEs
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Neural-enriched Galerkin scheme

neural network

Neural network: Construct a single neural network vy () on € (with Ny weights), shared by all cells.

23/37 Hybrid FE and NN methods for parametric PDEs
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Neural-enriched Galerkin scheme

neural network enriched space

Neural network: Construct a single neural network vy () on € (with Ny weights), shared by all cells.

Enriched basis: Construct a multiplier mg () from vg () and define the enriched basis functions as:

a
&7 () = mo(x) ¢i(x).

23/37 Hybrid FE and NN methods for parametric PDEs
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Neural-enriched Galerkin scheme

Br(0)

neural network enriched space Galerkin solver —

Neural network: Construct a single neural network vy () on € (with Ny weights), shared by all cells.
Enriched basis: Construct a multiplier mg () from vg () and define the enriched basis functions as:
&7 (x) = mo () ¢i(x).
Galerkin scheme (u fixed): Solve the linear system:
Ry, (Bn(0);0) = An(0) Bu(0) — br(0) = 0,
with A j(0) = a(6?,¢?),  bi(0) =1(¢f).

23/37 Hybrid FE and NN methods for parametric PDEs
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Neural-enriched Galerkin scheme

neural network

enriched space

Galerkin solver

Neural network: Construct a single neural network vy () on € (with Ny weights), shared by all cells.

Enriched basis: Construct a multiplier mg () from vg () and define the enriched basis functions as:

Galerkin scheme (u fixed): Solve the linear system:
Rh (ﬂh (9), 9) = Ah (6) ,Bh(G) — bh(9)

with Al7](9> = (L( ?7 ¢f)7 bz(e) = l<¢19)

&7 (x) = mo () ¢i(x).

Solution: Reconstruct the solution in the enriched space as:

uno(@) = 32 5(60) o (@).

23/37
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Learning 6: differentiating through the solver

Br(0)

Up, 0

neural network enriched space Galerkin solver

Bi-level problem: Learn 6 so that the Galerkin solution up,¢ Minimizes J:

0* = argmin, J(8(0);0) st. Ru(Bn(0);0) =0

24/37 Hybrid FE and NN methods for parametric PDEs
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Learning 6: differentiating through the solver

Br(0)

neural network enriched space Galerkin solver

A
! radient
L

Bi-level problem: Learn 6 so that the Galerkin solution up,¢ Minimizes J:
0* = argmin, J(8,(0);0) st Ry(8r(0);0) =0
Gradient: Differentiate through the solver (chain rule):
47 _0J| 0T dBy
df 060 8 9B,  db
——

through the dofs

direct

24/37 Hybrid FE and NN methods for parametric PDEs
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Learning 6: differentiating through the solver

Br(0)
enriched space Galerkin solver

neural network
A *
LR R R loss J

Bi-level problem: Learn 6 so that the Galerkin solution up,¢ Minimizes J:
0* = argming J(B,(0);0) st Rp(Bn(0);6) =0

Gradient: Differentiate through the solver (chain rule):

a7 _ 07| L 0T dp

o 90 | 35h df
N ——
direct through the dofs

Adjoint: With a gradient-based optimizer, replace d3}, /df by an adjoint state (only one linear solve, whatever

Np):
og\" 4T 0T OR,
) = = - T h(ﬂfu )

AR X, = <B_ﬁh 9J

o 00 8
24/37 Hybr/d FE and NN methods for parametric PDEs
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1D test case and PINN loss

Test case: 1D advection-diffusion with a boundary layer, Q@ = (0,1), Pe = 20, f = 1:
1

_% zzu+CazUZf inQ,

u=0 onl,

C(z,p) = p1 + pox

with g = (1, 2) = (0.8, 0.8) fixed.

25/37 Hybrid FE and NN methods for parametric PDEs
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1D test case and PINN loss

Test case: 1D advection-diffusion with a boundary layer, Q@ = (0,1), Pe = 20, f = 1:

1
—— Opzu+ COu=f inQ,
Pe C(z,p) = p1 + pox
u=0 onl,

with g = (1, 2) = (0.8, 0.8) fixed.

PINN loss: Minimize residual and boundary terms (w, = 1, wp = 10):

1 2
j(betah(é)); 9) = wr/ ‘ — P78 895111,}179 + (,Ltl + [LQCC) 8zuh79 — f’ dx + wb/ |uh79|2dm
Q T

Jr (Monte Carlo, redrawn each epoch) N3

25/37
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1D test case and PINN loss

Test case: 1D advection-diffusion with a boundary layer, Q@ = (0,1), Pe = 20, f = 1:

1
—— Opzu+ COu=f inQ,
Pe C(z,p) = p1 + pox
u=0 onl,

with g = (1, 2) = (0.8, 0.8) fixed.

PINN loss: Minimize residual and boundary terms (w, = 1, wp, = 10):

1 2
J (betay,(6);0) = wr/ ‘ ~ e Opzth.0 + (1 + pox) Opup o0 — f} dz + wb/ |uh’()’2dm
Q r

Jr (Monte Carlo, redrawn each epoch) Tb

Validity: Learned for this configuration only:

new w, k or Negis = new training.

25/37
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1D test case and PINN loss

Test case: 1D advection-diffusion with a boundary layer, Q@ = (0,1), Pe = 20, f = 1:

1
—— Opzu+ COu=f inQ,
Pe C(z,p) = p1 + pox
u=0 onl,

with g = (1, p2) = (0.8,0.8) fixed.

PINN loss: Minimize residual and boundary terms (w, = 1, wp, = 10):

1 2
J(betay(0);0) = wr/ ‘ = =g Drating + (11 + pa) Oy, - f‘ dx + wb/ |uno|*da
Q T

Jr (Monte Carlo, redrawn each epoch) Tb

Validity: Learned for this configuration only:

new w, k or Negis = new training.
Evaluation: Relative L? error w.r.t. a reference FEM solution (128 cells, Qy4), never used in the training.
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Learned basis: affine multiplier

Setting: CG, Neos = 4 cells, Q3 (Ngots = 13), affine multiplier mg = 2 + 0.1 vy.
Training: MLP vy (tanh, 2 x 16, Ny = 321), ENG optimizer’, 300 epochs, 6000 collocation points.

FEM Solutions (k = 3) Absolute errors (FEM)
08 u 100 - ‘u7 uh\ Qs
— u Q — Ju— ung| Qs
061 — upp Q3 1072
0.4 10~
0.2 106
0.0 10-8
0 025 05 075 1 0 025 05 0.75 1

Solutions: Classical uy, oscillates in the boundary layer, uj, g matches the reference (~ 1075 against 7-1072).

26/37 1[M[jIIer and Zeinhofer, 2023] Hybrid FE and NN methods for parametric PDEs
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Learned basis: affine multiplier

Setting: CG, Neos = 4 cells, Q3 (Ngots = 13), affine multiplier mg = 2 + 0.1 vy.
Training: MLP vy (tanh, 2 x 16, Ny = 321), ENG optimizer’, 300 epochs, 6000 collocation points.

mg =2+ 0.1vy Classical basis Learned basis

==== ¢poch 0 L5 beo — 2 751 — ¢f’_‘u — @3‘2

3l T trained o — b1 be3 — g, — ¢,
: 5.0
2 0.5 25
1 0.0 0.0

0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
T xr x

Solutions: Classical uy, oscillates in the boundary layer, uj;, g matches the reference (~ 1075 against 7-1072).
Basis: The multiplier grows in the boundary layer: the last basis functions are amplified.

26/37 "[Muller and Zeinhofer, 2023] Hybrid FE and NN methods for parametric PDEs
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Choice of the multiplier

Fix Nyots = 25 and Ny € {134, ..., 151}, vary the levers: (Neeis, k) and the MLP shape (width, depth).
20 configurations x 20 seeds = 400 trainings per multiplier (100 epochs, 5000 collocation points).

27/37 Hybrid FE and NN methods for parametric PDEs
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2nd hybridization

Choice of the multiplier

Fix Nyots = 25 and Ny € {134, ..., 151}, vary the levers: (Neeis, k) and the MLP shape (width, depth).
20 configurations x 20 seeds = 400 trainings per multiplier (100 epochs, 5000 collocation points).

Learned multiplier my(z), one example per sign and shape

Affine multiplier:

me :2+0.1’Ug

27/37

Introduction PINN

Parametric case

> Conclusion »

Ty constant

mg step

mg other

my positive

my negative

Mg CTOSses Zero

Gain: 1
k =3, Ny = 8, MLP (7.3)

Gain: 0.0214
k=2, Ny =12, MLP (10,2)

Gain: 7370
k=3, Noaw =8, MLP (6.4)

References

2
1
0 0 0
0.0 0.5 L0 0.0 0.5 1.0 0.0 0.5 L0
Gain: 1 sain: 0.0343 Gain: 611
k=2, Ne = 12, MLP (6,4) k= 1. N, = 24, MLP (10,2) k=3, Nea = 5, MLP (10,2)
0 0.0 0.0
-5 25 /_\
—0.1
0.0 0.5 L0 0.0 0.5 1.0 0.0 0.5 10
Gain: 0.0326 Gain: 0.0378
k=1, New, = 24, MLP (7,3) k=1, Nea. = 24, MLP (50, 1)
5 10
I} B —
0 ~10
0.0 0.0 0.5 1.0
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Choice of the multiplier

Fix Nyots = 25 and Ny € {134, ..., 151}, vary the levers: (Neeis, k) and the MLP shape (width, depth).
20 configurations x 20 seeds = 400 trainings per multiplier (100 epochs, 5000 collocation points).

Affine multiplier:
mg =2+ 0.1vg

Diagnosis:

Some trainings explode (loss = NaN).
Constant mg: same space, same error as

FEM.

Steps and sign changes never beat FEM.

27137

Non-exploded runs by sign and shape of mg(z)

PINN

Parametric case

£ 100% 100% 99%
2 (©6) 6) (238)
8
S5 0% 0% 0% 0% 0% 1%
= ) (0) 0 © © @
£ 100% 100% 100%
thc?.? .
g3
< 0% 0% 0% 0% 0% 0%
°
g 100% 100%

(4) (55)

0% 0% 0% 0%
H 0 (0 0 0
myg constant my step my other
©) ®) (338)

» Conclusion »  References

B worse than FEM (63/355)
I same as FEM (11/355)
B heats FEM (281/355)

355/400 runs did not explode
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Choice of the multiplier
Fix Nyots = 25 and Ny € {134, ..., 151}, vary the levers: (Neeis, k) and the MLP shape (width, depth).
20 configurations x 20 seeds = 400 trainings per multiplier (100 epochs, 5000 collocation points).

Affine multiplier: Non-exploded runs by shape of mg(z)

o 100% 99%
me = 24+0.1 Vo Z (22)0 (37(;) I vworse than FEM (0/400)
% 0% 0% 0% 1% . Il same as FEM (24/400)
Diagnosis: B © [UNNC) B eats FEM (376/400)
P 7 -onstant stey thel s i . N
Some trainings explode (loss = NaN). ey o "l 400/400 runs did not explode

Constant my: same space, same error as
FEM.
Steps and sign changes never beat FEM.

Fix: Positive multiplier
mg = exp(2tanhvy)

with bounded weights:
No sign change, no step.
27/37
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Introduction - PINN - Parametric case »  Conclusion  »  References

Gain of the runs beating FEM (beating / non-exploded runs)

=2}
=}

affine (281/355)
positive (287/355)
positive - bounded weights (376,/400)

i
(&2

YU IR

my positive
mgp negative

Number of runs beating FEM
—_ o
ot =

1.05 10! 10? 10° 10% 10°

10°
Gain: classical L? error / L? error

Gain: 376/400 beat the FEM, none explodes; the affine multiplier keeps the highest gains.
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Results at fixed budget

(Near, k) Relative L? error Median relative L* error (best one)
Naots classical over the seeds reaching the loss threshold (best loss < 105
é (24,1) 25.10-2 threshold ~ threshold ~~ threshold ~  threshold
5] 25 : not reached not reached not reached not reached
®
g 105
Z| (122 16102 459-10
= 25 (25-10°5)
=
&
3) 86-10°°
25
(6,4) 47.10°2
25
.6 1.3-10-3
v
Neetis ¢
e (width, depth) (50, 1) (10,2) (7.3) (6,4)
Ny 151 141 134 145
MLP shape width \"
depth A~

Gain: 376/400 beat the FEM, none explodes; the affine multiplier keeps the highest gains.
Levers: degree and depth matter: k = 1 only a modest gain over FEM, (50, 1) is the worst network.

28/37 Hybrid FE and NN methods for parametric PDEs
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3D test case

Test case: 3D advection-diffusion with a boundary layer, Q = (0,1)3, Pe = 20:

1
——Au+C-Vu=f inQ,
Pe C(w7 N) = (Ml + p2x - ediag) €diag,
u=0 onl,

With €giag = %(1, 1,1) T the diagonal direction and p = (0.8, 0.8) fixed.
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3D test case

Test case: 3D advection-diffusion with a boundary layer, Q = (0,1)3, Pe = 20:

1
——Au+C-Vu=f inQ,
Pe C(ac, /-“) = (Ml + p2x - ediag) €diag,
u=0 onl,
With €giag = %(1, 1,1) T the diagonal direction and p = (0.8, 0.8) fixed.
Exact solution: manufactured, vanishing on the 6 faces (f deduced from it):

u(x) z}ixi(l —eXp(— W (1 —xi)))
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3D test case

Test case: 3D advection-diffusion with a boundary layer, Q = (0,1)3, Pe = 20:

1
——Au+C-Vu=f inQ,
Pe C(ac, /-“) = (Ml + p2x - ediag) €diag,
u=0 onl,
With €giag = %(1, 1,1) T the diagonal direction and p = (0.8, 0.8) fixed.

Exact solution: manufactured, vanishing on the 6 faces (f deduced from it):

u(x) z}ixi(l —eXp(— W (1 —xi)))

Evaluation: Relative L? error w.r.t. the manufactured solution u, never used in the training.

29/37
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3D: learned multiplier

Setting: CG, Neis = 4 X 4 X 4 cells, Qg (NVyots = 729), positive multiplier mg = exp (6 tanh vg).
Training: MLP vy (tanh, 3 x 10, Ny = 271), ENG optimizer, 70 epochs, 6000 collocation points, 3 seeds.
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3D: learned multiplier

Setting: CG, Neis = 4 X 4 X 4 cells, Qg (NVyots = 729), positive multiplier mg = exp (6 tanh vg).
Training: MLP vy (tanh, 3 x 10, Ny = 271), ENG optimizer, 70 epochs, 6000 collocation points, 3 seeds.

Exact solution u Multiplier mg

SICTE3

Multiplier: grows in the boundary layer, from 6 - 1073 to 30 (seed 1).

30/37
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3D: learned multiplier

» Conclusion »  References

Setting: CG, Neis = 4 X 4 X 4 cells, Qg (NVyots = 729), positive multiplier mg = exp (6 tanh vg).
Training: MLP vy (tanh, 3 x 10, Ny = 271), ENG optimizer, 70 epochs, 6000 collocation points, 3 seeds.

FEM Solutions (k = 2) my = exp(6 tanh vy)

u ===- ¢poch 0

061 — un Q

— upp Qs (learned)

103

s m——trajned  cereeereeeeseeeeenii

10!

0.4
0.2 1071
0.0
0 V34 V32 3V3/4 VB 0 VB4 VB2 3v3/4 VB
X * €diag X - €diag

Multiplier: grows in the boundary layer, from 6 - 1073 to 30 (seed 1).
Solution: classical up, overshoots, uy ¢ matches wu.
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3D: gain and cost

time (s)
w/ comp. w/o comp. Naofs error
seed learn. class. learn. class. learn. class. ratio learn. class. ratio

1 59 51 10.1 495 729 5.31-10° 729 5.68-107° 3.53-107% 6.2
2 41 37 6.8 266 729 3.89-10° 534 8.13-107° 4.82-107* 59
3 41 37 6.9 26.6 729 3.89-10° 534 4.77-107* 4.82-107* 1

Equal time: error X6 lower for seeds 1, 2, equal for seed 3.
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3D: gain and cost

time (s)
w/ comp. w/o comp. Naofs error
seed learn. class. learn. class. learn. class. ratio learn. class. ratio

1 59 51 10.1 49.5
2 41 37 6.8 26.6
3 41 37 69 266

729 5.31-10° 729 5.68-107° 3.53-107* 6.2
729 3.89-10° 534 8.13-107° 4.82-107* 59
729 3.89-10° 534 4.77-107% 4.82-107* 1

Equal time: error X6 lower for seeds 1, 2, equal for seed 3.
Dofs: 534 to 729 times fewer for the learned basis (without counting the Ny = 271 weights).
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3D: gain and cost

time (s)
w/ comp. w/o comp. Naofs error
seed learn. class. learn. class. learn. class. ratio learn. class. ratio

1 59 51 10.1 495 729 5.31-10° 729 5.68-107° 3.53-107% 6.2
2 41 37 6.8 266 729 3.89-10° 534 8.13-107° 4.82-107* 59
3 41 37 6.9 26.6 729 3.89-10° 534 4.77-107* 4.82-107* 1

Equal time: error X6 lower for seeds 1, 2, equal for seed 3.
Dofs: 534 to 729 times fewer for the learned basis (without counting the Ny = 271 weights).
Cost: learned time dominated by compilation: 7 to 10 s without it, against 27 to 50 s for the FEM.
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Parametric enrichment’

* is no longer fixed: one network trained once, for all u € M
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Parametric case: principle

,—--batth----------------------
., (1

1| Galerkin solver ﬁh(e’“( ))

pt

1

1

. 1

neural network enriched space 1
1

1

1

) 0: u(B)
Galerkin solver B (05 1'77) uh,g(.;”(B))

Parameter sampling: Dy, C M chosen once, a random batch of p drawn at each epoch.

Parametric scheme: One network, one Galerkin solve per p of the batch: Ay (6; @) B (0; 1) = br(0; p).
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Parametric case: principle

,m - - batth---------------------- .
(D)
1| Galerkin solver ﬁh(e’ K ) :

plt :
1
:
1
1
1
1
1
]

1

1

. 1

neural network enriched space |
1

1

1

: 0: u(B)
Galerkin solver Muh,g(';l—b(}g))

Parameter sampling: Dy, C M chosen once, a random batch of p drawn at each epoch.
Parametric scheme: One network, one Galerkin solve per p of the batch: Ay, (0; ) Br(0; ) = by (0; ).
Supervised loss: Fit reference solutions on the batch, at N, points per p:

1 B N,
jdata(e) = BNmZZ

i=1 j=1

2

uno (2 1) — urer (2195 u(i))‘
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Parametric case: principle

,m - - batth----------------------
., (1
1| Galerkin solver ﬁh(e’“( ))

1
1
(1 I_
. [ I
1 1
1
neural network enriched space 1 :
1 - 1
1 .y (B) !
A [ Galerkinsoiver | Bn(63127) (B) | X
: p,<B _yuh,g(.;“ )I_ !
1 1
1 —_— ) :
1 gradient i

Parameter sampling: Dy, C M chosen once, a random batch of p drawn at each epoch.
Parametric scheme: One network, one Galerkin solve per p of the batch: Ay, (0; ) Br(0; ) = by (0; ).
Supervised loss: Fit reference solutions on the batch, at N, points per p:

jdata (9) =

o (29 pO) = e (29 u”)‘

i=1 j=1
Gradient: one adjoint solve per p of the batch.
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Parametric case: principle

- 0; u(B)
Galerkin solver Muh,g(';l—b(B))

,m - - batth---------------------- .
! . B (0; p) !
? 1| Galerkin solver hAY
how? ! ——— U (- (D)) ——
1 1
1 1
1
neural network enriched space 1 :
1
. I
1 1
1
1
]

- === P

gradient

Parameter sampling: Dy, C M chosen once, a random batch of p drawn at each epoch.
Parametric scheme: One network, one Galerkin solve per p of the batch: Ay, (0; ) Br(0; ) = by (0; ).

Supervised loss: Fit reference solutions on the batch, at N, points per p:

jdata (9) =

o (29 pO) = e (29 u”)‘

i=1 j=1
Gradient: one adjoint solve per p of the batch.
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Constructing the enriched space (three ways)

vg(z)
z —{ neural network enriched space F)qbf (z) = mp(x) ¢i(x)

Shared basis: same enriched space for all .
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Constructing the enriched space (three ways)

=
:c,,u—{

neural network

Shared basis: same enriched space for all .

neural network

enriched space

p-dependent basis: one enriched space per pt.

33/37

enriched space

}w? () = mo (x) ¢ ()

Fﬁmm:mwMQ@
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Constructing the enriched space (three ways)

vg ()
T —{ neural network enriched space F)qbf (z) = mo(z) pi(x)
Vg ((13, l"’)
T, @ _+ neural network enriched space Fd)f (z; ) = mo(z, p) ¢pi(x)
z Vg (Z, z)
C(5p) ->{ encoder & neural network enriched space Pd)f (z;2) = mg(z, 2) pi(z)
A
z

Shared basis: same enriched space for all .

p-dependent basis: one enriched space per p.
Field-dependent basis: an encoder summarizes the transport field in a latent state z.
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Introduction  »  Numerical methods ~ »  1sthybridization »  2nd hybridization e introduction - PINN - Parametric case > Conclusion » References

1D linear transport

Test case: Same 1D case as the PINN, with C(x, ) = p1 + pow, oo € [0.8,1.2]% the layer stays at x = 1.

Reference solutions

0.0 0.5
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1D linear transport

»  Conclusion
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References

Test case: Same 1D case as the PINN, with C(x, ) = p1 + pow, o € [0.8,1.2]% the layer stays at x = 1.

Setup: DG, N s = 8, k = 2, 32 training u, batch of 16, N,, = 101 points per p.

asis

Ficld-dep. basis
69 A6G.103
o .r\v 46-10 2 ... 3 ?V
k‘? 50 3-10% 20
2:10% 2190
30
0.8
810
2 08 1.0 12

A max gain D median gain V min gain

Gain (on 500 unseen p):

shared 20-69 (Ny = 321), p-dep. 811-4.6 - 10° (Ng = 353), field-dep. 917-4.9 - 103 (Nj

1.9-10°

3-10°

2.10°

=1381).
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1D linear transport

Test case: Same 1D case as the PINN, with C(x, ) = p1 + pow, o € [0.8,1.2]% the layer stays at x = 1.
Setup: DG, N s = 8, k = 2, 32 training u, batch of 16, N,, = 101 points per p.

p-dep. basis

8 shared — mg(x)
------ pedep. — mo(e,
61 === p-dep. — my(, [LD
— pdep.- my(z, 1) .
4
2
0

0 025 05 075 1

Gain (on 500 unseen p):
shared 20-69 (Ny = 321), p-dep. 811-4.6 - 10° (Ny = 353), field-dep. 917-4.9 - 103 (N = 1381).
Multipliers: shared, rises only in the last cells; p-dep., rises over more cells.
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1D turning point

Test case: Same 1D equation as the PINN, C'(z, ) = p — x, p € [0.3,0.7], Pe = 1000: peak moves with .

Reference solutions

3
—_— =03
2 — p=04
— n=05
— n=00
1 p=07
0
0.0 0.5 1.0
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Numerical methods ~ »  1sthybridization ~ »  2nd hybridization e  jntroduction - PINN Parametric case

1D turning point
Test case: Same 1D equation as the PINN, C'(z, 1) = u — x, p € [0.3,0.7], Pe = 1000: peak moves with L.
8’ =

k = 2), with a scalar p.

p-dep. basis

Setup: Same as the linear transport (DG, Neis =

Shared basis

5% 10

10° m./\ 2% 10

5x 107" v

0.3 0.5 0.7 0.3 0.5 0.7
u 1

A max gain ] median gain v min gain

Gain (on 32 unseen p):
shared 0.5-2.1 (Np = 321), u-dep. 85-366 (Ng = 337).

35/37 Hybrid FE and NN methods for parametric PDEs



Conclusion  »  References

Introduction ~ »  Numerical methods ~ »  1Isthybridization ~ »  2nd hybridization s  ntroduction - PINN -  Parametric case >

1D turning point

Test case: Same 1D equation as the PINN, C'(z, 1) = u — x, p € [0.3,0.7], Pe = 1000: peak moves with L.
Setup: Same as the linear transport (DG, Nos = 8, k = 2), with a scalar p.
p-dep. basis

shared — ()
------ pedep. — mgla, 1)

—== rdep. - my(x, 45)

— edep. — myla, 1)

Gain (on 32 unseen p):
shared 0.5-2.1 (Ng = 321), u-dep. 85-366 (Ny = 337).
Multipliers: shared, one central bump; p-dep., a peak at the turning point.
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1D turning point

Test case: Same 1D equation as the PINN, C'(z, 1) = u — x, p € [0.3,0.7], Pe = 1000: peak moves with L.
Setup: Same as the linear transport (DG, Nos = 8, k = 2), with a scalar p.
p-dep. basis

shared — mg(a)
------ pedep. — mgla, 1)

—== rdep. - my(x, 45)

— edep. — myla, 1)

Gain (on 32 unseen p):
shared 0.5-2.1 (Ng = 321), u-dep. 85-366 (Ny = 337).
Multipliers: shared, one central bump; p-dep., a peak at the turning point.
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Conclusion

1st hybridization: enriched FEM with a frozen PINN prior

+ Convergence orders preserved, gain set by the quality of the prior (its derivatives)
+ Additive, P1: meshes 5 to 28 times coarser for the same accuracy
+ 3D: cheaper as soon as 19 parameter sets are solved (training included, e = 10~3)

+ Multiplicative — additive as M — oc; better only in special cases

36/37 Hybrid FE and NN methods for parametric PDEs



Introduction ~ »  Numerical methods ~ »  1sthybridization ~ »  2nd hybridization ~ »  Conclusion »  References

Conclusion

1st hybridization: enriched FEM with a frozen PINN prior

+ Convergence orders preserved, gain set by the quality of the prior (its derivatives)
+ Additive, P1: meshes 5 to 28 times coarser for the same accuracy
+ 3D: cheaper as soon as 19 parameter sets are solved (training included, e = 10~?)

+ Multiplicative — additive as M — oc; better only in special cases
" J

2nd hybridization: learnable Galerkin bases

+ Differentiable solver: train the basis through the solver

+ 1D and 3D: far fewer dofs for the same accuracy (1D: error 102 to 10° times lower at fixed Nyofs,
best seed)

« Parametric (1D): unseen parameters, median gains from ~ 9 to ~ 7000
N J
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Limits and perspectives

1st hybridization:
+ Gain bounded by the prior accuracy; scalar linear elliptic problems only

+ Next: better priors, time-dependent and non-linear problems, complex geometries (-FEM)
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Limits and perspectives

1st hybridization:
+ Gain bounded by the prior accuracy; scalar linear elliptic problems only

+ Next: better priors, time-dependent and non-linear problems, complex geometries (-FEM)

2nd hybridization: exploratory study
+ Few test cases, parametric case in 1D only, uniform meshes only, no error estimate

« Training sensitive to the initialization (fails for £ = 1 in 1D); training cost not accounted for in the
parametric case

+ Next: comparison at equal cost (training included), adapted meshes, parametric 2D
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Limits and perspectives

1st hybridization:
+ Gain bounded by the prior accuracy; scalar linear elliptic problems only

+ Next: better priors, time-dependent and non-linear problems, complex geometries (-FEM)

2nd hybridization: exploratory study
+ Few test cases, parametric case in 1D only, uniform meshes only, no error estimate

« Training sensitive to the initialization (fails for £ = 1 in 1D); training cost not accounted for in the
parametric case

+ Next: comparison at equal cost (training included), adapted meshes, parametric 2D

Link between the two:
freeze the learned multiplier my = multiplicative approach of the 1st hybridization, a priori estimate.
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Appendix - 1st hybridization

Enriched finite element method using PINNSs
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ppendix - 1st hybridizati details - Extraresults

General Dirichlet boundary conditions

Problem: u = g on I, with uy the PINN prior.

Additive approach:
p; =g—up onl.

Homogeneous as soon as uyg is exact on I' (exact BC in the PINN).
Multiplicative approach (u; , = ug,nm P, — M, ug, = ug + M):

><_g+M

standard PINN:  pj,

onl,
U, M

PINN with exact BC: p; =1 onT.

Homogeneous case: M = 0 possible, p,f left free (more freedom for the derivatives at the boundary).

Curved boundaries (disk, & > 2): the prior is not exact on 9€2y,; in the tests, g = u on 9€2y,.

A1
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Anisotropic 2D
Annulus 2D
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ppendix - 1st hybridizati *  Additional details - Extra results

Anisotropic 2D: problem considered

Test case: —div(DVu) = fonQ = (0,1)% u = 00n 91,
= (p1, pia, €,0) € [0.4,0.6]2 x [0.01,1] x [0.1,0.8].
_ (z1 — p)? + (22 — p2)? (et +ai (e— Dmix
f=exp (_ 0.02502 D= (e—1D)zizy  af +exd

Anisotropy: eigenvalues 22 + 22 and € (22 + x2), stronger as € decreases.
1 2 1 2

Parametric PINN: MLP (40, 60, 60, 60, 40), tanh; Adam, 15000 epochs, 8000 col. pts; exact Dirichlet BC
(level-set).

Reference: no analytical solution, FEM P53 on N,s = 1000.
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Anisotropic 2D: online phase

L? error, p™® = (0.51,0.54,0.52,0.55)

100L
10~°
10| &°° ]ég
10 ‘ h

gooe” et gae ) cee o e

—a— FEMP; —e— FEM Py —— FEM IP3
-#- AddP; -e- AddP; -4- AddP3

A3

Hybrid FE and NN methods for parametric PDEs



ppendix - 1st idizati *  Additional details - Extra results

Anisotropic 2D: online phase

L? error, p™® = (0.51,0.54,0.52,0.55)

109

LA}

- é%
10-10f ~ 1
h

55557 1o me” e e

—a— FEMP; —e— FEM Py —— FEM IP3
-m- AddP; -e- AddPy; -4- AddPs

A3

Gains over FEM: ||u — up|| 2 /|ju — U;{,QHL?
N,, = 50 parameters, N = 20.

w|n| ==

Gains in L? rel error
of our method w.r.t. FEM

min max mean

712 82.57 35.67

3.54 35.88 18.32

1.33  26.51 8.32

Hybrid FE and NN methods for parametric PDEs
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I details - Extra results

Anisotropic 2D: online phase

L? error, p™® = (0.51,0.54,0.52,0.55)

Gains over FEM: ||u — up|| 2 /|ju — u;{,QHLz
100L N,, = 50 parameters, N = 20.
././I/.T. Gains in L? rel error
10-5 :,: of our method w.r.t. FEM
==

’ k  min max mean

10-10 i i i | ! Lk l 7.12  82.57 35.67
055¢2, e gne? | e pae 2 354 3588  18.32
FEM PP, FEM PP, FEM P4 3 133 26.51 8.32

-#- AddP; -e- AddPPy; -4- AddPs

Smaller gains: the prior is less accurate on highly anisotropic problems.

A3
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Anisotropic 2D: solutions and errors

Solution u FEM solution up, Additive solution u; Additive correction C}
1 T T T T T T T T
—4
21073 | M 21070 | M 2107 | | 310
0.75 |- =
y 0 0 0 0
0.25 |- -
3 N sl - . N
—2.10 —2.10 —2.10 . _3.10-%
0 | | | | | | | |
0 025 4 075 1 0 025 4 075 1 0 025 4 075 1 0 025 4, 075 1
Absolute FEM error |u — up,| Absolute additive error |u — (ug + C;)|
1072 1072
0.75
1074 1074
v
1076 10-6
0.25
1078 10-8

0 025 5, 075 1

1 =(0.46,0.52,0.05,0.12) (k =2, N = 16)
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Anisotropic 2D
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Poisson on an annulus: problem considered'

Testcase: —Au = f=00onQ = {0.25 < ||z| < 1}, p = 1 € [2.4,2.6].

u =g, on I'g (outer circle),
2% fu=gr, onTy(hole),
on
In (g1 [|]]) In(y1) 4 —In(p)
’UJ(QZHU,) =1- 1n(4> , 9= - 1n(4) , grR = + 1n(4)

Parametric PINN: MLP 5 X 40, tanh; 4000 epochs, 6000 col. pts; mixed BC exact + Sobolev training.

Boundary conditions depend on pi: harder than the previous cases.

A5 "[Sukumar and Srivastava, 2022]
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Poisson on an annulus: online phase

L? error, p() = 2.51

10~12— : : : :
A aoe? ’Ll()el a3 55."0""1 N

—=— FEMP; —e— FEM Py, —— FEM P35
-m- AddP; -e- AddPy -4- AddP3

A6 Hybrid FE and NN methods for parametric PDEs
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Poisson on an annulus: online phase

L? error, p(M) = 2.51
L2
10°

1012+ : : : :
A a0 ’ngel A35e’?' %.'lgel (61 et

—=— FEMP; —e— FEM Py, —— FEM P35
-m- AddP; -e- AddPy -4- AddP3

A6

Gains over FEM: ||u — up|| 2 /|ju — U;{,QHL?

N,, = 50 parameters, h = 1.33 - 10~ %

Gains in L2 rel error
of our method w.r.t. FEM

min max mean
15.12  137.72  55.5
31 77.46  58.41
18.72  21.49 20.6

w|lv| -]
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Extra results

Poisson on an annulus: solutions and errors

Solution u FEM solution uy, Additive solution u} Additive correction C;
2 4-1073
1.5 3.107°
1 2.107°
0.5 1.1073
| 0 0
-1 -05 , 0.5 1 -1 -0.5 0.5 1 -1 =05 , 0.5 1 -1 =05 , 0.5 1

Absolute FEM error |u — up|

1

0.5 |-

A7

p) =251

107!

1073

107"

1077

Absolute additive error |u — (ug + C;)|

1 T T 1071
0.5 |
1073
y
107°
0.5
—1 1077

-1 —05 , 05 1

(k=1h=167-10"1
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ppendix - 2nd idizati . iti details

Discontinuous Galerkin (DG) method'

For a fixed p € M, let Tj, be a mesh of Q of cells (K¢)o<c< Noe-

Let V,¥ be a discontinuous space of piecewise polynomials of
degree k on the mesh 7},. Its basis functions (¢ ;)c,i, With ¢ ;
supported on a single cell K., decompose the discrete solution:

uth/JI Zﬂcz (Zscz )

A1 "[Arnold et al., 2002]

Neells = 3, Nb = 2(k7 =1
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ppendix - 2nd idizati . iti details

Discontinuous Galerkin (DG) method'

For a fixed p € M, let Tj, be a mesh of  of cells (K¢)o<c< N Neets = 3, Ny = 2(k = 1)

Let V,¥ be a discontinuous space of piecewise polynomials of --- fen
degree k on the mesh 7y,. Its basis functions (¢ ;)ci, With e, Y ' | v o P2
supported on a single cell K., decompose the discrete solution: — Un

uhmﬂf Zﬂcz ¢cz )

Coupling the cells: amb|guous traces on the interfaces = numerical flux (it defines the method)

Diffusion-dominated regimes: flux for the diffusion term only, here SIPG (Symmetric Interior Penalty Galerkin)

A1 "[Arnold et al., 2002]



ppendix - 2nd idizati . iti details

Discontinuous Galerkin (DG) method'

For a fixed p € M, let Tj, be a mesh of  of cells (K¢)o<c< N Neets = 3, Ny = 2(k = 1)

Let V,¥ be a discontinuous space of piecewise polynomials of --- fen
degree k on the mesh 7y,. Its basis functions (¢ ;)ci, With e, Y ' | v o P2
supported on a single cell K., decompose the discrete solution: — Un

uhmu Zﬂcz ¢cz )

Variational problem (SIPG):
Find uy, € VI such that, Yoy, € V&€, a§* (up, vp; p) = L(vn; 1) = [, f vn, with

cell terms

. 1
a$* (up, vp; ) = /Q (R upvy + C - Vyup vy, + EDthh : thh)

penalty

1

_P7e - ([[uh]] . {Dthh} + {Dthh} . [['Uh]]) +i K [[uh]] . [[’Uh]]

Pe Jr,

where F}, is the set of faces, V}, the broken gradient, [-] the jump, {-} the average, x the penalty parameter.

A1 "[Arnold et al., 2002]
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