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Motivations
Current Objective : Develop hybrid finite element / neural network methods. Problem considered : —Au(x)=f(x) inQ, wu(x)=g(x) onT.
accurate quick + parameterized Poisson problem with Dirichlet boundary conditions (BC).
' OFFLINE || ONLINE -
Train a PINNSs Get PINNSs Correct prediction
1 Geometry [RPK19] 1 Geometry - 1 Force prediction with FEM [EG]

Several Forces
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Perspective : Create real-time digital twins of an organ (e.g. liver).
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1. How to deal with complex geometries in PINNS ? Q

Approach by levelset. [5522] ) - rages - Numerical Results - Learn a complex levelset
=0 5= 0 — Sample is easy in this case. Teovelset loarni
—> Allow to impose in hard the BC (no BC loss) : cvelse earmng.Loss N LevelSet
19(X) = P(X) wy(X) + g(X) - . =
with ¢ a levelset function and wy a NN. . e B o ooron
| : . = TR S | |
Levelset considered. A regularized Signed Distance Function (SDF). o e '
i ‘ ' : L Lt r
If we have a boundary domain I', the SDF is solution to: o Vbt 2 Poisson problem on Cat.
IVoX)lI=1,Xe@ (1) . & NN . . )
XV =0 Xer 5 = TS —> Taking f =1 (non parametric) and homogeneous Dirichlet BC (g = 0).
PLA) =0, X € (2) = = = Looking for ug = ¢pwy with ¢ the levelset learned.
V(P(X) = Nn, Xel (3) ﬁ/*jﬂ*\{\ Loss History PINNs . Error (2:204e-2) Z:::Z:
with @ a box which contains (2 completely and 7 the exterior normal to I'. -
Approximate ¢ 2 with a PINNs [CD23], by adding the following regularization term ) e o
n(x) - Vob(x) , | ey oo ) o
< :f 1—-|IVp(x)| 2dx+f| (x)lzdx+f1— dx+f |Ap(x)|“dx.
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2. How can we improve PINNs prediction ? - Using FEM

" Additive approach. Considering ug as the prediction of our PINNSs for the Poisson ‘ Numerical results - Improve errors
problem, the correction problem consists in writing the solution as

' Theoretical results. Taking u; = 0.05, u, = 0.22.

u=1ug+ C
. ~ L? error on N
and searching C : Q — R? such that 100 —=— FEM P1 -®- Add Pl
, _ _ —— FEM P2 -+4- Add P2
< —AC=f, inQ, () —e— FEM P3  -e- Add P3
~ 10—°
C=0, onT,
\

with f = [+ Auy.
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" Error estimation. Considering uy as the prediction of our PINNGs.
& 5 U P Remark : We note N the number of nodes in each direction of the square (Total : N*).

We denote u the solution of the Poisson problem and u, the discrete solution of the Gains on error using additive approach. - o)
. . : : _ . p p
correction problem (22 7) with V), a P}, Lagrange space. Thus Considering a set of 1, = 50 parameters : {(Hl s )seeon (g7 My )}
Il — upllo < lu;lm'HkH hk+1| u|Hk+1 o Gains on PINNs Gains on FEM
~ gk+1
§ N min max mean  std min max mean  std
<+
% 20 15.7  48.35 33.64  5.57 134.31 377.36 2694  43.67
Remark : The constant Cg,i, shows that the closer the prior is to the solution, the lower Z 40 6147 195.75 13541 2321 131.18 362.09 262.12  41.67
 the error constant associated with the method.
: . Numerical results - Improve times
Problem considered - Numerical results ,
; . Time/error ratio. Training time for PINNSs : #p;yns = 240s.
Poisson problem on Square. o
o o —> After training, how long does each method take to solve 1 problem ?
— Considering homogeneous Dirichlet BC (g = 0) and Q = [-0.57,0.57]°. " e (9
= Analytical levelset function: ¢(x,y) = (x—0.57)(x +0.57)(y — 0.57) (y + 0.57) precision FEM Add  FEM  Add
—> Analytical solution : e i 4 (5 p1)? le—3 120 & (a3 [looz
el ! M2 - . _
uex(xy y) — eXp . ; Sln(zx) Sln(Zy) le— 4 373 25 423.89 1.93
Cadd
with uy, g, € [-0.5,0.5] (parametric) and the associated source term f. — Including training, how long does each method take to solve 7, problems ?
Total time of Additive approach : Total time of FEM :
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